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It is known that Nambu-Goto extended objects present some pathological structures,
such as cusps and kinks, during their evolution. In this paper, we propose a model
through the generalized Raychaudhuri equation [Rh] for membranes to determine if there
are cusps and kinks in the world-sheet. We extend the generalized Rh equation for
membranes to allow the study of the effect of higher order curvature terms in the action
on the issue of cusps and kinks, using it as a tool for determining when a Nambu-Goto
string generates cusps or kinks in its evolution. Furthermore, we present three examples
where we test graphically this approach.
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1. Introduction
It is well known that when we consider a string described by the Nambu-Goto action
it has some pathologies in its evolution, i.e., cusps or kinks can be formed.1,2 In
some cases the pathology of a closed string is widely used, for example, in topological
defects with cosmic string these linear topological defects are predicted in a wide
class of elementary particle models and could be formed as a symmetry breaking
phase transition in the early universe.3 Also, these pathologies in general contribute
to the emission of gravitational radiation,4 in gravitational waves5 produced by
cosmic strings, or as a cusp anomaly of a light-like Wilson line (see for example6–14).
Presently, we know that higher derivative models involving the extrinsic cur-
vature of the world-sheet help to remove pathologies in the evolution,15 however
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there does not exist a method to know when such pathology arises in the Nambu-
Goto dynamics. Here we present an approach to determine if a string will form
cusps or kinks in its evolution. In turn, this model will help to study the evolu-
tion of an extended object to know when anomalies exist, as for example in brane
cosmology.16–19
In previous works,20 the Raychaudhuri equation [Rh] was generalized to extremal
relativistic membranes. In General Relativity [GR], where space-time curvature is
related to matter, geodesic deviation provides a measure of the gravitational force,
and the Rh equation plays an important role. One of its applications is to describe
the focussing of geodesics which is related to the singularities of space-time.21 For
the case of membranes, the Rh equation is built on the world-sheet; thus, when we
describe the Rh equation for membranes we are implicitly describing the evolution
of an extended object.
The Rh equation in relativistic membranes is useful in two different cases. The
first case is when we have some background with a given singularity, then the
Rh equation tells us how the evolution of the extended object is affected due to
the singularity of the background,22 and the second case is the one proposed here,
where we use the Rh equation as a tool to determine the presence of such pathologies
(cusps and kinks).
To this end, we extended the generalize Rh equation for extremal membranes to
allow the study of the effect of higher order action on the issue of cusps and kinks
and with the intention to make the model as general as possible. In this context,
we use the Rh equation as a tool to determine if the world-sheet will exhibit cusps
and kinks, whose Lagrangian depends on L = L(gab ,Kab
i , ∇˜aKbci , . . . ). The recipe
consists in inserting the equations of motion obtained from the Lagrangian into the
Rh equation. With this, we are able to analyze the behavior of extended Rh equation
for membranes and to relate the zeros of the solution with the cusps and kinks of the
evolution of the string. Therefore, it is possible to predict whether the world-sheet
will have cusps and kinks or not.
The paper is organized as follows. In Section 2, we briefly review some geometric
aspects of membranes; this section also introduces our notation. In Section 3, We
start giving a fairly complete overview of the formalism developed by Capovilla and
Guven in;20 starting from Eq. (8), extending the model to allow the study of the
effect of higher order action. In Section 4 we show some examples which illustrate
the use of the Rh equation to compute the existence of cusps and kinks, i.e, points
where the world-sheet will collapse forming cusps and kinks. Finally, in Section 5
we present our conclusions and remarks, and we give a possible way to extend the
model to relativistic D-dimensional membranes with D > 2.
2. Geometry formalism
Consider an extended object Σ, of dimension D-1, evolving in a background space-
time with N -dimension, with metric ηµν , (µ , ν = 0, 1, . . . , N − 1). The trajectory
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or world volume m, of the extended object is D-dimensional, and is described by
the embedding:
xµ = Xµ(ξa) , (1)
where xµ are local coordinates for the background space-time, ξa are local co-
ordinates for the world volume and Xµ, are the embedding functions (a , b =
0, 1, . . . , D− 1). With the parameterization (1) we obtain a basis of tangent vectors
to the world volume at each point of m, denoted as:
ea =
∂
∂ξa
, eµa = X
µ
a =
∂Xµ
∂ξa
.
In this context, we introduce N -D, unitary normal vectors to the world volume
denoted as nµi, (i, j = 1, 2, . . . , N −D). Normal vectors to m are implicitly defined
by a, ni · ea = 0 and with normalization ni · nj = δij . Thus, the vectors {eµa , nµi }
form an orthonormal basis in the world volume m, adapted to Σ.
Throughout this paper we use latin letters for world volume and greek letters
for the background. Notice also that all tensor in italics like R, are also in the
background and all tensor usually written like R refer to the world volume.
The metric induced (or first fundamental form) on the world volume is then
given by: gab = ea · eb = ηµν eµa eνb .
Notice that we define the world sheet projections of the space-time covariant
derivatives as Da := e
µ
aDµ, where Dµ denotes the torsionless covariant derivative
compatible with the space-time metric ηµν . Let us consider the world-sheet gradients
of the basis vectors {ea,ni}. Since they are space-time vectors, they are always
decomposed using the orthonormal basis {eµa , nµi }23 as:
Daeb = γ
c
ab ec −Kiab ni , (2a)
Dan
i = Kiab e
b + ωija nj , (2b)
where γcab is the world-sheet Ricci rotation coefficients and K
i
ab is the ith extrinsic
curvature of the world-sheet (or second fundamental form). Its symmetry in the
tangential indices is a consequence of the integrability of the base {ea}. Moreover,
we have that ωija is the normal fundamental form (or twist potential) of the world-
sheet.
The kinematical expressions in Eqs. (2), which describe the extrinsic geometry,
are generalizations of the classical Gauss-Weingarten equations, which altogether
with the integrability conditions completely describe the extrinsic geometry of the
world-sheet.
aThroughout this work, a midpoint denotes a contraction with the background metric ηµν . For
example, ni · ea = ηµνnµi eνa = 0.
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We therefore introduce a world-sheet covariant derivative defined on fields. It
transforms as a tensor under normal frame rotations as
∇˜aΦi1...in =∇aΦi1...in − ωai1j Φji2...in − · · · − ωainj Φi1...in−1 j , (3)
where ∇a, is the intrinsic world-sheet covariant derivative. The gradients of the
space-time basis {ea , ni}, along the directions orthogonal to the world-sheet, can
be expressed as
Dinj = γ
k
ij nk − Jaij ea , (4a)
Diea = Jaij n
j + Sabi e
b , (4b)
where Di = n
µ
i Dµ. The above relations are analogous to the Gauss-Weingarten
Eqs. (2). The quantities J ija , and S
i
ab, are defined as:
J ija ≡ Diea · nj , (5)
Siab ≡ Diea · eb = −Siba , (6)
γ
ijk
≡ Dinj · nk . (7)
In general, Eq. (5) does not possess any symmetry under the interchange of the
normal indices i, and j; this shows the fact that {ni} (unlike the {ea}) do not
generally form an integrable distribution. It is the analog of Kiab, in the Gauss-
Weingarten equations. Moreover, Eq. (6) is the analog of ωija and the Ricci rotation
coefficient γijk is associated with the normal base.
3. Generalization of Raychaudhuri equation
For a geodesic curve, the Rh equation describes the evolution of J ij ≡ J0ij , connect-
ing neighboring geodesics along the curve and giving specific values to J ij , at some
initial time. The complete set of equations governing the evolution of deformations
can be obtained by taking the gradient of Jij , (see appendix of
20 for an explicit
calculation)
∇˜bJ ija =− ∇˜iKjab − J ibkJkja −KibcKcja +Rαβµν nαi eβb eµa nνj . (8)
It should be noted that Eq. (8) does not depend on the equation of motion of the
membrane. It is important to remark that in this point we differ from the original
deduction done in,20 since they eliminate the term ∇˜iKj , due to the fact that they
only consider extremal membranes (20 only consider the extremal on the world-
volume) whose equation of motion is Ki = 0. From here, we will maintain the
aforementioned term (do not necessarily vanishing) to allow the study of the higher
order action on the issue of cusps or kinks. By taking the trace over the indices of
the world-sheet we obtain
∇˜aJaij =− ∇˜iKj − JaikJakj −KaciKacj +Rαβµν nαi eβa eµa nνj . (9)
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If we now anti-symmetrize Eq. (8) with respect to its world-sheet indices, we get
∇˜aJ ijb − ∇˜bJ ija = Gijab , (10)
where we have defined
Gijab ≡− J iakJkjb −KiacKcjb +Rαβµν nαi eβa eµb nνj − (a↔ b) .
It is worth noticing that the source term which includes ∇˜iKj , has been canceled
out independently of the background dynamics.
Notice that it is not straightforward to work with the quantity J ija , however,
by analogy with mechanics of continuum, it is possible to decompose J ija , into its
symmetric and antisymmetric parts with respect to the normal indices Θija , and Λ
ij
a ,
respectively as
J ija = Θ
ij
a + Λ
ij
a . (11)
We further decompose Θija , into its traceless and trace parts:
Θija = Σ
ij
a +
1
N −Dδ
ijΘa . (12)
In one dimension Θ, Σij , and Λij , describe, respectively, the isotropic expansion,
the shear and the vorticity of a trajectory with respect to neighboring trajectories.
This is contained into the Rh equation in GR, but there is not a clear interpretation
available for higher dimensions.
Now, we use Eq. (11) and Eq. (12) into Eq. (9), in order to obtain the equation
of motion for Θa, Θ
ij
a , and Λ
ij
a . Then it is possible to separate the symmetric and
antisymmetric parts and the trace in the form
∇˜aΣaij + (ΛaikΛjak + ΣaikΣjak)str +
2
N −DΣ
ij
a Θ
a − [(M2)ij ]str = 0 , (13a)
∇˜aΛaij + Λak[iΛj]ak + Σak[iΣj]ak − 2Λak[iΣj]ak +
2
N −DΛ
ij
a Θ
a = 0 , (13b)
∇˜aΘa − ΛaijΛaij + ΣaijΣaij + 1
N −DΘaΘ
a − (M2)ii = 0 , (13c)
where the symbol (. . . )str denotes the symmetric traceless part of the matrix (M2)
which is defined as:
(M2)ij = −∇˜iKj −KabiKabj +Rαβµν nαi eβa eµa nνj . (14)
Now using Eq. (11) and Eq. (12) into Eq. (10) and separating the symmetric and
antisymmetric parts and the trace, we obtain:
2∇˜[aΣijb] =− 2(Λik[aΛjb]k + Σik[aΣjb]k)str + 4Λ[ak(iΛb]kj) , (15a)
2∇˜[aΛijb] = −2Λk[i[a Λj]b]k − 2Σk[i[a Σj]b]k − Ωijab , (15b)
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2∂[aΘb] = 0 . (15c)
Ωijab is the curvature associated with the normal fundamental form ω
ij
a , defined by,
Ωijab = ∇bωija −∇aωijb + ωika ωjbk − ωikb ωjak .
From Eq. (15c), which describes the evolution of the generalized expansion Θa, it
follows that: Θa = ∂aΥ. The above is implicit, at least locally, for some potential
function Υ. Inserting this expansion in Eq. (13c) we obtain
∆Υ +
1
N −D∂aΥ∂
aΥ− Λ2 + Σ2 −M2 = 0 , (16)
where ∆ is the Laplace-Beltrami operator defined as: ∆ = 1√−g∂a(g
ab√−g ∂b) and
it is defined the world-sheet scalar quantities Λ2 ≡ ΛaijΛaij , Σ2 ≡ ΣaijΣaij and
M2 ≡ (M2)ii, in Eq. (16) describes the evolution of the expansion of the world-
sheet; having a quasilinear hyperbolic partial differential equation of second order.
It is possible to consider Υ, as a generalized relative volume expansion potential.
If l represents the characteristic length of the expansion, we can set Υ = (N−D) ln l.
With this change of variables, Eq. (16) becomes a linear equation
∆l +
1
N −D
(
Σ2 − Λ2 −M2) l = 0 . (17)
Now, Eq. (17) is the extended Rh equation for membranes, i.e., it is a wave equa-
tion on the world-sheet for a massive positive definite scalar field l, with an effective
mass term, µ2 =
(
Σ2 − Λ2 −M2) /(N −D). Then, we have mapped the analysis of
Θa, to the solution of a linear wave equation. However, we should keep in mind that
µ2 involves Σija and Λaij explicitly and as a result, it will depend implicitly also on
Θa. We note that because M
2 does not have a definite sign neither does µ2.
So far we have described the evolution of an extended object Σ, in a generic
space-time background and we obtained the extended Rh equation for extended
objects (see Eq. (17)). We no longer have a particle moving in a space-time, now
will be an extended object moving in a space-time. And we are interested in the
geometry of that extended object.
3.1. M2 matrix analysis
It is important to remark that Eq. (17) is the extended and generalized Rh equation
for membranes, whose solution is not straightforward to find, due that it is necessary
to determine Σ2, Λ2 and (M2), which depend of the dimension; however in some
cases if the symmetric traceless part of (M2)ij is zero, the following equation is
fulfilled Σ2 = Λ2 = 0. In particular, we analyze the form (M2) in Eq. (14) and (17)
because in this paper we are interested on the evolution of the extended object.
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We start solving the second order hyperbolic partial differential equation (17),
with the use of variable separation in order to obtain D-ordinary differential equa-
tions. Using the theorem on the existence of zeros,24 it is possible to obtain:
d2z
dt2
+H(t)z = 0 , (18)
having at least one zero, if and only if H(t) > 0. From this we can get an important
physical information, to compare Eq. (17) with (18) (after separation of variables).
Notice that it is possible to see that both are second order differential equations
with the possibility of identify: Σ2 − Λ2 −M2 = H(t). One of the possibilities of
obtain Σ2 = Λ2 = 0, is if the symmetric traceless part of (M2)ij is zero, concluding
that the isotropic expansion Θ→ −∞, is possible if M2 ≤ 0 in Eq. (17).
Then, we have reduced the problem of finding the conjugate points to the prob-
lem of discovering the location of zeros in solutions of Eq. (17) or Eq. (24) and just
in the zeros of this solution is when we will have the collapse of the world-sheet in
a region and therefore we have the cusps or kinks formation.
Continuing with our analysis of the trace of Eq. (14) we have
(M2)ii = −∇˜iKi −KiabKabi +Rαβµν nαi eβa eµa nνi . (19)
Using the integrability conditions of the Gauss-Codazzi26
Rαβµν eαa eβb eµc eνd = Rabcd −KiacKbdi +KiadKbci , (20)
and substituting the completeness relationship nµ inνi = η
µν − eµa eνa, of the basis
vector {eµa , nµi} of the world volume m, in (19), and using (20) we find
(M2)ii = −Rµν Hµν − ∇˜iKi − 2KiabKabi +KiKi +R . (21)
We remark that this terminology is borrowed from the perturbative analysis of,26–29
where it appears as a variable mass in the world-sheet wave equation that describes
the evolution of small perturbations and where eaµ ea
ν = Hµν .
3.2. Hypersurface
In the case of a hypersurface, there is only one normal vector i = 1, where D =
N − 1. In this case Gijab, and ωija , vanish identically due to the antisymmetry, since
ωija = −ωjia and Gijab = −Gjiab similar to Σ2, and Λ2; then, Eq. (10) becomes
∂aJb − ∂bJa = 0 , (22)
so that Jaij := Ja11 ≡ Θa. Moreover, it is also possible to align the tangent vectors
along the normal direction, so that S1ab = 0, in an analogous way to a curve.
Therefore the Rh equation, in this special case, is reduced to,
∆Υ + ∂aΥ∂
aΥ−M2 = 0 , (23)
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again, setting Υ = (N−D) ln l, we have a hyperbolic second order partial differential
equation,
∆l − (M2) l = 0 . (24)
Then, the matrix (M2) is now modified. From Eq. (21), the integrability conditions
of Gauss-Codazzi26 and the relation of completeness, (M2) is no longer a matrix
(M2) = −Rµν Hµν −∇K −K2 + 3R , (25)
where ∇, is the covariant derivative. From Eq. (21) and Eq. (25), we notice that
(M2) depends on the background only in the first term, so if there is a singularity
in the space background, this will manifest itself in the membrane through the Ricci
scalar, R.
So far we have extended the Rh equation for extremal membranes for any codi-
mension (see Eq. (17)), and for the case of a hypersurface described by Eq. (24),
where the modification is through the matrix (M2), since in the original deduction
made by Capovilla and Guven, they only considered extremal membranes; therefore
they assume Ki = 0, from Eq. (8). However, if we want to study the effect of other
action (as in the example of Sec. 4.3) or a higher order action, we need that the
term Ki 6= 0 is fulfilled, even more we have that ∇˜iKi 6= 0, in a more general way.
With the aim of illustrating the method, we address three examples for deter-
mining the presence of cusps or kinks in the world-sheet.
4. Testing the Model: Examples
The evolution of the string is a two-dimensional extended object (world-sheet), in
this context the extended Rh equation for membranes tells us, the singularities on
the world-sheet (if exist) i.e., the string collapses, and with this new method we
can predict if the extended object could have cusps or kinks during its evolution.
In order to determine this, we take the following steps:
• We start from the action and make the variation, then we introduce the
equation of motion in Rh’s equation, Eq. (17) (or in Eq. (24) for the case
of the hypersurface).
• Given the parametrization of the string, we obtain the corresponding geo-
metric tensors that describe the world sheet.
• Substituting the parameterization in the equation of motion from the ac-
tion, we get the solution and replace it back into the Rh equation.
• We solve the differential equation through the method of variables sepa-
ration, making l(τ, σ) = `(τ)ϕ(σ); the temporal part of the solutions is
analyzed by checking if the solution cross or not the τ -axis.
• We will have two cases: a) crossing τ -axis, in this case the world sheet
collapses, implying the existences of cusps or kinks. b) not crossing τ -axis,
in this case the world sheet never collapses showing the stability of the
structure.
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In the following, we study the helical string in breathing mode and the model
of circular loop to observe the stability (or not) of the world sheet and identify the
existence (or not) of the cusps or kinks.
4.1. Helical string in breathing mode
We will take the following simple case: consider extreme membranes, which satisfy
the Nambu dynamics.30 The Nambu action is proportional to the area of the world
sheet:
S[Xµ] = −α
∫
m
dDξ
√−g , (26)
where α is the tension of the membrane and its equation of motion is given by
Ki ≡ gabKiab = 0 . (27)
Substituting Ki = 0 in Eq. (21), (M2) takes the form (M2) = −Rµν Hµν + R;
therefore, the Rh equation (17) for this case is
∆l +
1
N −D (Rµν H
µν −R) l = 0 . (28)
Now we consider the helical string in breathing mode, Σ, evolving into a Minkowski
background space (3 + 1) dimensional, parameterized as follows31
xµ = Xµ(ξa) = (τ , Z(τ) cosσ ,Z(τ) sinσ, q σ) , (29)
where the tangent vectors will be given by eµa (a = τ, σ):
eµτ =
(
1 , Z˙ cosσ , Z˙ sinσ, 0
)
,
eµσ = (0 ,−Z sinσ ,Z cosσ, q) ,
the dot denotes differentiation with respect to τ , This string is helical with breathing
q, and notice that in the limit q → 1, corresponds to the flat world-sheet and the
limit q → 0, to the collapsing circular loop.
The induced metric gab = ηµνe
µ
ae
ν
b will be now given by,
ds2Σ = gab dξ
adξb = −(1− Z˙2)dτ2 + (Z2 + q2)dσ2. (30)
On the other hand, the normal vectors are:
nµ1 =
1√
q2 + Z2
(0 , q sinσ ,−q cosσ, Z) ,
nµ2 =
1√
1− Z˙2
(
Z˙ , cosσ , sinσ, 0
)
.
In addition, the extrinsic curvature will be
K1ab =
q Z˙√
q2 + Z2
(
0 1
1 0
)
, K2ab =
1√
1− Z˙2
(−Z¨ 0
0 Z
)
,
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and the normal fundamental form of the world-sheet is given by(
ωija
)
=
q√
(q2 + Z2)(1− Z˙2)
(
0
1
)
.
Using the parameterization showed in Eq. (29) on the equation of motion described
by Eq. (27), we find the following differential equation
Z¨
(1− Z˙2)3/2
+
Z
(q2 + Z2)(1− Z˙2)1/2 = 0 ,
whose general solution can be written as
Z(τ) =
√
κ2 − q2 cos
(
τ − τ0
κ
)
.
With the aim to illustrate the method we will reduce some constants, and therefore
choosing the initial condition τ0 = 0 and κ = 1, then we substitute the solution
Z(τ) in Eq. (28) and takes the form,
∂2
∂σ2
l(τ, σ)− ∂
2
∂τ2
l(τ, σ) +
[
(q2 − 1) (− cos2 τ + q2 sin2 τ)(
cos2 τ + q2 sin2 τ
)2
]
l(τ, σ) = 0 .
Notice that the term ∂2l(τ, σ)/∂τσ, does not appear due to the fact that the
metric is diagonal (gτσ = 0). Now, we use separation of variables l(τ, σ) = `(τ)ϕ(σ)
to obtain the equation for τ and σ. The equation for σ is
1
ϕ(σ)
d2
dσ2
ϕ(σ) = m2 ,
that is an ordinary differential equation (ODE’s) whose solutions is ϕ(σ) = e±mσ.
Now we must distinguish that we have three cases for the constant of separation
m: One for m = 0, other for m < 0, and the other one for m > 0. After a nu-
merical analysis of the world-sheet, we found that only when m > 0, the isotropic
expansion Θ→ −∞, produce the scenario that we are looking for (i.e. the geodesic
congruence).
Since we are interested in the evolution of the system, we focus on `(τ), because
τ , is the proper time of the string:
d2
dτ2
`(τ)−
[
(q2 − 1) (− cos2 τ + q2 sin2 τ)(
cos2 τ + q2 sin2 τ
)2 +m2
]
`(τ) = 0 , (31)
where m2, is the constant of separation, for intermediate q, the trajectory is never
singular, and the extrinsic curvature peaks at approximately q−2
√
1− q2. Eq. (31)
reminds us the equation of an oscillator, but with the difference that the term in
square brackets explicitly depends on τ , into the oscillator problem this term is a
constant and therefore, our solution is no longer oscillatory. However, Eq. (31) look
like Eq. (18) with the term in brackets equal to H(t), then we can apply the theorem
on the existence of zeros of ordinary differential equations.
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In Fig. 1, one can see the Rh equation of the helical string in breathing mode,
in Minkowski space-time background. In the Top panel we plot the solution with
different values of the constant of separation m, while in the Bottom panel we plot
different values of q, where q is the winding number per unit length. The oscillations
of the graphic are due to breathing mode (and this is precisely what prevents the
collapse). Notice that the graph never crosses the τ -axis, which implies that the
world-sheet will never have a cusps or kinks in the evolution, which is in agreement
with.32
4.2. Circular loop
In this example, we start writing down the Nambu-Goto action (see Eq. (26)),
whose equation of motion is given by Eq. (27). Here, we consider the hypersurface
of a circular loop, Σ, evolving into a (2 + 1)−dimensional Minkowski space-time
background, which is parameterized as follows31
xµ = Xµ(ξa) = (τ , Z(τ) cosσ ,Z(τ) sinσ) , (32)
where the tangent vectors are now given by eµa (a = τ, σ),
eµτ = (1 , Z˙ cosσ , Z˙ sinσ) ,
eµσ = (0 ,−Z sinσ ,Z cosσ) .
In this particular case, the induced metric gab = ηµνe
µ
ae
ν
b will be
ds2Σ = gab dξ
adξb = −(1− Z˙2)dτ2 + Z2dσ2 . (33)
and the normal vector takes the form:
nµ =
1√
1− Z˙2
(
Z˙, cosσ, sinσ
)
,
then, the extrinsic curvature will be
Kττ = − Z¨√
1− Z˙2
, Kσσ =
Z√
1− Z˙2
.
Replacing the embedding relation written in Eq. (32) into Eq. (27), it takes the
specific form
Z¨Z − Z˙2 + 1 = 0 , (34)
whose general solution is:
Z(τ) = κ cos
(
τ − τ0
κ
)
. (35)
In order to solve the differential equation we have chosen τ0 = 0, κ = 1 as initial
condition, thus one obtains the canonical form of the loop trajectory (32), substi-
tuting K = 0 in the equation of the hypersurface, Eq. (25), and finding that (M2)
takes the form (M2) = 3R; therefore, the Rh equation (24) for this case is
∆l − (3R) l = 0 .
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Fig. 1. Numerical solution of Eq. (31), with initial condition τ0 = 0 for κ = 1 and q = 0.55, where
it is observed the breathing frequency of the helix. (Top) In this case we vary little bit the values
of m, due to this increase quickly. (Bottom) Here the parameter 0 ≤ q < 1 determines its winding
number per unit length, when q → 0 oscillations are greatest and where q → 1 oscillations tend to
disappear. Both figures show the non existence of cusps and kinks. From the plot we see that the
helical breathe is a time-dependent solution which is never singular. See the text for more details.
Substituting the solution Z(τ) in the above equation we obtain
∂2
∂σ2
l(τ, σ)− ∂
2
∂τ2
l(τ, σ) + 6 sec2 τ l(τ, σ) = 0 ,
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again, using separation of variables l(τ, σ) = `(τ)ϕ(σ), as above, the equation for
ϕ(σ) is ODE’s, and where m2 is the new constant of separation.
Then the equation for `(τ), becomes
d2
dτ2
`(τ)− (6 sec2 τ −m2) `(τ) = 0 , (36)
We solve Eq. (36) numerically and plot the solution in Fig. 2. We see that the
circular loop form cusps and kinks in the world-sheet, because of the graph cuts the
τ -axis and, in this way, the circular loop collapses at a point. The extrinsic curvature
invariants, become singular at this point, hence rigidity would be indicated by a
retardation of the collapse or a positive correction to the amplitude of the loop.
The solution that we find is also in a good agreement with.1
m = 12 m = 18 m = 28 m = 48
-1.0 -0.5 0.0 0.5 1.0
-0.05
0.00
0.05
Τ
lHΤL
Fig. 2. Numerical solution of Eq. (36), with initial condition τ0 = 0 for κ = 1 and Σ
2 = Λ2 = 0.
Were m is proportional to frequency and inversely proportional to the amplitude. In this case, it
is shown the existence of cusps/kinks due that graph passes on the τ -axis. See the text for more
details.
4.3. Circular loop in the first NG correction
With the intention to show that the model is applicable in different situations, we
will consider the first correction to NG action written as
S[X] = α
∫
m
dDξ
√−g K , (37)
where α is the tension of the membrane, and its equation of motion is given by
R = 0 . (38)
March 29, 2018 1:48 WSPC/INSTRUCTION FILE art
14 Aldrin Cervantes and Miguel A. Garc´ıa-Aspeitia
whose equation of motion remains second order. Again we consider the hypersurface
of a circular loop, Σ, evolving into a (2 + 1)−dimensional Minkowski space-time
background, parameterized as in section 4.2. Substituting R = 0 in the equation of
the hypersurface Eq. (25), (M2) takes the form (M2) = −∇K −K2, where ∇, is
the covariant derivative; therefore, the Rh equation (17) for this case is
∆l + (∇K +K2) l = 0 . (39)
Replacing the embedding relation written in Eq. (32) into Eq. (38), it takes the
specific form
2 Z¨
Z (Z˙2 − 1)2 = 0 , (40)
whose general solution is:
Z(τ) = a+ b τ ,
where a and b are integration constants. Substituting the solution Z(τ) in Eq. (39)
we obtain
∂2
∂σ2
l(τ, σ) +
b
√
1− b2 − 1
b2 − 1 l(τ, σ) +
b(a+ bτ)
b2 − 1
∂
∂τ
l(τ, σ) +
(a+ bτ)2
b2 − 1
∂2
∂τ2
l(τ, σ) = 0.
Using the method of separation of variables as above, we have again two equations,
one for `(τ) and the other for ϕ(σ), thats its a ODE’s whit m2 the new constant
of separation. Focusing on the evolution equation, we have for `(τ) the following
equation:
d2
dτ2
`(τ) +
b
a+ bτ
d
dτ
`(τ) +
m2(b2 − 1)
(a+ bτ)2
`(τ) = 0 . (41)
We solve Eq. (41) numerically and plot the solution in Fig. 3. We see that the
circular loop form cusps and kinks in the world-sheet, because of the graph cuts the
τ -axis and, in this way, the circular loop collapses at a point.
It is remarkable that the circular loop continues collapsing but the frequency of
the collapse is different, is for it that when we consider more orders in the action the
collapse runs but does not disappear, it happens up to fourth order in the action.15
5. Conclusions and Remarks
As a first step we have provided a new model to determine if a string will present
or not cusps and kinks, we do this by examining the evolution of deformations of
relativistic world-sheet, propagating in a background space-time of arbitrary codi-
mension. The construction of the model was motivated by the Rh equation for
relativistic membranes, although the method is algebraic, so a numerical analysis
is needed to determine the solution of the final differential equation.
In GR, the most general way to determine if a space-time is singular is by the
incompleteness geodesic condition which is determined by using the Rh equation,
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Fig. 3. Numerical solution of Eq. (41), with the condition Σ2 = Λ2 = 0. Where m is proportional
to frequency; a and b are inversely proportional to frequency. In this case, it is shown the existence
of cusps/kinks due that graph passes on the τ -axis.
and by analyzing the global structure of the space-time. In relativistic membranes,
this condition is given by Eq. (17) or Eq. (24) which have a general structure. It is
important to remark that they contain information about the background, across
the Ricci tensor and also possess information about the membrane via the extrinsic
curvature and the scalar curvature. With these equations it is possible to determine
if the world sheet collapse i.e., there are formation of cusps or kinks.
In addition we extended the generalize Rh equation from membranes, where the
modification is through the matrix (M2). It is important to note that in the original
deduction made by Capovilla and Guven, they only consider extremal membranes
whose equation of motion is Ki = 0. Notice that if we want to study the effect
of other geometries or higher order action, the term Ki is present and the most
natural extension of the model is including this situations as in the case of example
4.3.
In the example presented in section 4.2, we could appreciate the importance of
the Rh equation for membranes. Since we do not necessarily have a background
that has some singularity for what the extended object collapses. In fact we did
not need to fix the background nor even study the singularities of it, some times
the evolution of the extended object is unstable (form cusps or kinks) regardless of
the background. This means that the extended object may have singularities (cusps
and kinks) in the development by itself, which is a pathology that exhibits Nambu-
Goto action, and it would be interesting to investigate in subsequent works, if this
behavior is inherent in more dimensions.
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With all this, we would have a general method for determining whether a system
based on the extrinsic curvature model will have cusps or kinks in its evolution.
Finally as a second step, one of our future interest is to apply this method to
brane cosmology. Where we start with Nambu-Goto action but in more dimensions
and will make corrections as we did in Sec. 4.3. However, this is ongoing research
that will be presented elsewhere.
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